Abstract. -For every compact Kähler manifold X of algebraic dimension a(X) = dim X − 1, we prove that X has arbitrarily small deformations to some projective manifolds.
The rest of the introduction is devoted to an overview of the proof of Theorem 1.2.
Algebraic approximations and bimeromorphic models
Given a compact Kähler manifold X as in Theorem 1.2, we will prove Theorem 1. Let us return to the case where X is a compact complex manifold as in Theorem 1.2. By Hironaka's desingularization, X is bimeromorphic to the total space of an elliptic fibration f ′ : X ′ → B over a projective manifold B such that the discriminant locus ∆ ⊂ B is a simple normal crossing divisor. We can find a finite Galois cover r :B → B such that the base changef ′ :X ′ = X ′ × BB →B has local meromorphic sections at every point ofB and the local monodromies of H = (R 1f ′ * Z) |B\∆ around∆ = r −1
(∆) are unipotent. In order to simplify the discussion, we shall first assume that the finite coverB → B is trivial so that f ′ already satisfies the later properties. Tacitly in the following discussion, these are the properties that we need in most of the arguments involved in the proof of Theorem 1.2.
As we mentioned above, we will prove Theorem 1.2 by constructing a bimeromorphic model X X of X together with an algebraic approximation of X preservingŶ, where Y ⊂ X is a subvariety containing the locus that are modified under the bimeromorphic map X X. Up to a finite Galois cover, the bimeromorphic model that we consider will be the total space of some particular elliptic fibration f : X → B called tautological model, and the algebraic approximation of X will be realized by a subfamily of the tautological family associated to f . The next paragraph is an informal discussion on how these notions are introduced.
For the details, the reader is referred to Section 3.
Elliptic fibrations and tautological families
Let B be a compact complex manifold and ∆ ⊂ B a normal crossing divisor. To each local system H of stalk Z whose image is contained in the smooth locus of p, then each element η ∈ H ) comes equipped with a family of elliptic fibrations
parameterized by V that is tautological in the sense that the elliptic fibration parameterized by t ∈ V corresponds to η + exp(t) ∈ H ) is dense in V. This also gives an alternative way (in comparison to the proof of [10, Theorem 3.25] ) closer to the spirit of [9, 19] to show that the tautological family Π is an algebraic approximation.
Recall that we want to prove that the tautological family Π : W → B × V → V associated to η ∈ Another property that we can prove by Hodge theory is that VZ contains a lattice Λ such that for every t ∈ VZ and λ ∈ Λ, the elliptic fibrations parameterized by t and t + λ are isomorphic (Lemma 4.7).
We summarize these results as follows for the sake of reference. Moreover, there exists a lattice Λ ⊂ VZ such that t and t + λ parameterize isomorphic elliptic fibrations for each t ∈ VZ and λ ∈ Λ.
Remark 1.7. -The assumption in Proposition 1.6 that Y → Z has a multi-section is also an obvious necessary condition for p η to have an algebraic approximation preserving Y → Z. Indeed, if such an algebraic approximation exists, then Y → Z is algebraic, thus admits a multi-section.
From subvarieties to the completions and the end of the proof
The geometric properties of the family Π ′ described in Proposition 1.6 allow us to apply Lemma 4.18 , F ) is the vector space parameterizing square-zero extension of Y n−1 by F . We will see that the last statement of Proposition 1.6 together with the induction hypothesis implies that φ factorizes through VZ/Λ, which is a complex torus. Therefore φ is indeed constant. This is an overview of the proof of Theorem 1.2 under the assumption that the Galois cover of r :B → B in 1.2 is trivial. If r is non-trivial with Galois group G, we replace f Remark 1.8. -Instead of constructing an algebraic approximation of X preservingŶ, one would have tried to find directly an algebraic approximation X → ∆ of X such that a neighborhood U ⊂ X of Y deforms trivially in X → ∆, which is the way we prove the existence of algebraic approximations of compact Kähler threefolds with κ ≤ 1 in [20] . However for the elliptic fibrations that we consider in this text, it is difficult (and maybe impossible) to find such algebraic approximations in the tautological families.
This is why we choose to verify the weaker property that the completionŶ is preserved along X → ∆ and use Proposition 5.1 to conclude.
This text is organized as follows. We will first introduce some basic terminology including various definitions of deformations of complex spaces and maps in Section 2. In Section 3, we will recall and improve some results of the theory of elliptic fibrations developed in [22, 24, 23, 10] . It is also in Section 3 that we will construct the tautological families (Proposition-Definition 3.16). Section 4 is the Hodge-theoretic part of the text. We will prove Proposition 4.6, Proposition 4.11, and other related results therein. In Section 5, we will prove Proposition 5.1 and finally the main result Theorem 1.2.
Preliminaries

Notation and terminology
In this text, a fibration is a proper holomorphic surjective map f : X → B between complex spaces. The fiber of f over b ∈ B will frequently be denoted by X b . A multi-section of f is a subvariety S ⊂ X such that f |S is surjective and generically finite. A deformation of a complex space X is a flat surjective morphism Π : X → ∆ containing X as a fiber. Let f : X → B be a holomorphic map. A deformation of f is a composition
Note that in our definition, a deformation of f always preserves the base B.
Let G be a group and X a complex space endowed with a G-action. We say that a deformation Π : X → ∆ of X preserves the G-action if there exists a fiberwise G-action on X → ∆ extending the given G-action on X. Similarly, let f : X → B be a G-equivariant map. We say that a deformation Π :
− − → ∆ of f preserves the G-action if there exists a fiberwise G-action on X → ∆ extending the G-action on X such that q is G-equivariant.
Definition 2.1. -i) Let Π : X → ∆ be a deformation of a complex variety X and let Y ⊂ X be an analytic subset. We say
ii) We say that Π preserves the completionŶ of X along Y if there exist Y ⊂ X and an isomorphism Y ≃Ŷ × ∆ over ∆ whereŶ is the completion of X along Y .
iii) Let Π : X q − → B × ∆ → ∆ be a deformation of f : X → B and let Z be an analytic subset of B. We say that Π preserves Y := f
We define in a similar way deformations of f that preserve the completionŶ →Ẑ of f along Y → Z. iv) Let G be a group acting on a complex variety X and Y ⊂ X a G-stable analytic subset. Let Π : X → ∆ be a deformation of X preserving the G-action. We say that Π preserves G-equivariantly Y if there exists 
ii) Let G be a group and f : X → B a G-equivariant map. We say that Π is G-equivariantly locally trivial if Π preserves the G-action and the isomorphisms q
Obviously, the quotient of a G-equivariantly locally trivial deformation is a locally trivial deformation.
Now we come to the notion of algebraic approximations. Recall that a compact complex variety X is called Moishezon if its algebraic dimension a(X) equals dim X. Definition 2.4 (Algebraic approximation). -Let X be a compact complex variety. An algebraic approximation of X is a deformation π : X → ∆ of X such that the subset of points in ∆ parameterizing Moishezon varieties is dense for the Euclidean topology.
be the three coordinate sections of the projectivization
i) A Weierstraß fibration is a fibration p : W := W(L , α, β) → B defined by the projection onto B of the hypersurface in P defined by a nonzero section of the form
) and
) such that a general fiber of p is smooth.
ii) Without assuming that a general fiber of p : W → B is smooth, p is called a singular Weierstraß fibration.
iii) The section defined by Σ := {X = Z = 0} ⊂ W is called the zero-section of p. 
So p is flat with irreducible and reduced fibers which are either elliptic curves, nodal cubic curves, or cuspidal cubic curves.
When B is normal, the total space W of a Weierstraß fibration is also normal [ 
where tr(η i j ) denotes the translation by the holomorphic section η i j . For each ∈ G, the automorphism ψ :
by patching together the isomorphisms
Conversely, given a G-equivariant minimal locally Weierstraß fibration p 
represented by the 1-cocycle (η i j ), (η i ) is the element we look for.
3.1.4
Let p : W → B be a Weierstraß fibration over a compact complex manifold B.
there exists a family of elliptic fibrations
such that the elliptic fibration parameterized by t ∈ V corresponds to η + exp(t) ∈ H 1 (B, J W ) where
is the map induced by exp : L → J W . Indeed, let pr 1 : B × V → B be the first projection and let
be the element corresponding to the identity map Id V . Let
is the map induced by pulling back sections J W → pr 1 * J W×V and exp :
Then the locally Weierstraß fibration q : W → B × V twisted by λ η will define such a family Π. The family Π is called the tautological family associated to η. Such a family can also be constructed when p : W → B is a singular Weierstraß fibration.
If, in addition, the fibration p is G-equivariant for some finite group G such that the zero section Σ ⊂ W is preserved under the G-action and assume that η is the image of a class
can be endowed with a G-action such that the restriction q |W G is the G-equivariant locally Weierstraß fibration twisted by
where
L ) is the element corresponding to the identity map Id V G and
is again the map induced by exp : pr * 1
For every G-stable analytic subset Z ⊂ B, the next lemma gives a standard way to produce a subspace V G Z of V along which the deformation of p η in the tautological family preserves G-equivariantly the fibration
Lemma 3.2. -Let Z ⊂ B be a G-stable subvariety and let 
(Z) and
is the map induced by pulling back sections J
, we have
→ Z is the first projection and The reader is referred to Lemma 3.7 for a converse of Lemma 3.3.
Locally Weierstraß fibrations over a smooth variety with a normal crossing discriminant divisor
3.2.1 Let p : W → B be a minimal Weierstraß fibration over a complex manifold and let ∆ ⊂ B be its discriminant locus. In this paragraph, we assume that ∆ is a normal crossing divisor. Under this assumption, W, and more generally the total space of the fibration
) have at worst rational singularities [22, Corollary 2.4] . In this situation, the map ϕ in (3.3) can be described as follows. 
If the local monodromies of H around ∆ are unipotent, then the construction of the minimal Weierstraß fibration associated to H is functorial under pullback : 
, ε has no pole (resp. no zero). Therefore W Z ≃ W ′ over Z, which proves Lemma 3.5. ). We still assume that B is smooth and the discriminant locus ∆ is a normal crossing divisor. In addition to (3.3), the sheaf
Let
sits inside another short exact sequence
where ) coincides with the one associated to the extension (3.5) [10, short exact sequence (9)]. Now let f : X → B be an elliptic fibration such that both X and B are smooth, the discriminant locus ∆ ⊂ B is a normal crossing divisor, and f has local meromorphic sections at every point of B. For such an elliptic fibration, there exists a short exact sequence similar to (3. 
and the third arrow comes from the map We can also generalize the above discussion to the G-equivariant setting [10, Section 3.E]. Let G be a finite group acting on B and on H in a compatible way. Let E G (B, ∆, H) denote the set of bimeromorphic classes of
To each G-equivariant elliptic fibration f ∈ E G (B, ∆, H), we can associate an element
an injective manner using a similar construction to the one sketched in 3.1.3. According to the above, there
) to the bimeromorphic class of the
equals the map induced by the inclusion J
Kähler or projective elliptic fibrations
Let f : X → B be an elliptic fibration over a complex manifold B with a normal crossing discriminant divisor. The aim of this paragraph is to recall further properties of f under the additional assumption that X is in the Fujiki class C .
Given a minimal η-twisted locally Weierstraß fibration p ). The following assertions are equivalent.
i) The total space W η is in the Fujiki class C .
ii) The "Chern class" c(η) of η is a torsion element, where c : ). Assume that W η is in the Fujiki class C and B is projective. If f has a multi-section, then η is a torsion element.
2. We could have defined E G (B, ∆, H) to be a larger set by allowing the G-action on the total space of f to be only meromorphic (but still holomorphic over B\∆). However in this text, we will only consider G-actions that are holomorphic.
Proof. -Since W η is in the Fujiki class C , by Proposition 3.6 c(η) is torsion. So up to replacing η with a larger multiple, we may assume that η = exp(t) for some t ∈ H 1 (B, L H/B ). Since the multiplication by m is generically finite, the elliptic fibration f : W exp(t) → B still has a multi-section. For any m ∈ Z >0 , a multi-section of f can be pulled back to a multi-section of gives rise to an element 
For G-equivariant elliptic fibrations f : X → B, if the conclusion of Lemma 3.8 holds, then it also holds G-equivariantly : ).
Tautological models
Let B be a complex manifold and B ⋆ ⊂ B a Zariski open such that B\B ⋆ is a normal crossing divisor. Let H be a local system of stalk Z 2 over B ⋆ and let G be a finite group acting on both B and H in a compatible way. We denote by p : W → B be the minimal G-equivariant Weierstraß fibration associated to H. Given
) and assume that mη G can be lifted to an element η
) for some m ∈ Z\{0}.
In this paragraph, we will construct a G-equivariant elliptic fibration
representing η G together with a G-equivariant finite holomorphic map
).
The map m generalizes the multiplication-by-m map defined before. We will call this G-equivariant elliptic fibration f a tautological model associated to η G . The reason we call such an elliptic fibration a tautological model is that in the next section, we will show that each tautological model f : X → B comes equipped with a tautological family of elliptic fibrations parameterized by H 1 (B, L H/B ) generalizing the one defined before for twisted locally Weierstraß fibrations.
An argument similar to that of [23, Proposition 5.5.4] will allow us to construct f : X → B. For each
are commutative where the notation tr(σ) denotes the translation by the meromorphic section σ and m i (resp. m i j ) the restriction to W i (resp. W i j ) of the multiplication-by-m map W W. Let µ i : X i → W i be the finite map in the Stein factorization of tr(σ i ) • m i . Then there exist bimeromorphic maps h i : X i W i over
are commutative where
As µ i and µ j are finite and the varieties in (3.8) are normal, the maps h i j and h i are biholomorphic. Thus we obtain an elliptic fibration f : X → B by gluing the X i → U i using the 1-cocycle {h i j } of biholomorphic maps. The maps h i can also be glued to a biholomorphic map ψ : X → X using the cocycle condition of (η i j ), (η i ) and → ψ defines a G-action on
We can also glue the µ i and obtain a G-equivariant finite map m : X → W η ′ , which generalizes the multiplication-by-m maps defined previously.
be an element such that mη G can be lifted to an element η
) for some integer m 0. The G-equivariant elliptic fibration
If the G-action is trivial (so that H ). So by Lemma 3.9, some nonzero multiple of η G can be lifted to an element η
). Thus η G ( ) has a tautological model.
We finish this paragraph with some geometric properties of the tautological models.
Lemma 3.14. -The total space of f : X → B is normal and the discriminant locus ∆ f ⊂ B of f coincides with the discriminant locus ∆ of the minimal Weierstraß fibration p : W → B associated to H.
Proof. -As µ i : X i → W i is the finite map in a Stein factorization, each X i is normal. So X is normal.
Since the restriction of p to W\p 
In particular X → B is smooth over B\∆. ∆ the discriminant locus of p. Since ∆ ⊂ ∆ , by Lemma 3.14 f is smooth over B\∆ ⊂ B\∆ = B\∆ f . As is also smooth over B\∆ , by [23, Lemma 5.3 .3] X X is biholomorphic over B\∆ .
The tautological family associated to a tautological model
We continue to use the notations introduced in the last paragraph. The goal of this paragraph is to construct a family of elliptic fibrations parameterized by V := H 
) for some m ∈ Z\{0}. Consider the tautological model f :
where (η i j ), (η i ) is a 1-cocycle representing η G . Then there exists a family of elliptic fibrations
satisfying the following properties. 
of Π parameterized by V G is G-equivariantly locally trivial over B and the G-equivariant elliptic fibration parameterized by t ∈ V G corresponds to η G + exp
There exists a map m : X → W over B × V whose restriction to each fiber over V is the multiplication-by-m defined in 3.4. Over V G , the map m is G-equivariant.
The family Π is called the tautological family associated to f : X → B.
Proof. -First we define 1-cocycle classes λ, λ G , θ, and θ G that we will use to construct the family Π and
be the elements corresponding to the identity maps Id V and Id V G . Let pr 1 : B × V → B be the first projection and define λ := pr *
H/B×V
), 
, and exp ′ is the composition of exp with
be the pullbacks of η i j and η i under U i j × V → U i j and U i × V G → U i respectively. As V and V ), (λ i ) we choose to represent λ and λ G are defined by
where exp : L pr
is the exponential map. We define the elliptic fibrations q : X → B×V and q
to be the tautological models X m; (λ i j ); θ → B×V and X m; (λ
In order to prove Proposition-Definition 3.16 for q and q G , we need to look into the construction of these tautological models. This will also be useful when we prove Proposition 4.17 in Section 4.
) be a 1-cocycle representing η ′ G and let
be the pullbacks of η (U i ) → U i such that the 1-coboundary associated to {σ i } modifies the
) . So by construction, the 1-coboundary associated to {σ i × Id V } (resp.
. We emphasize that the 1-coboundaries modifying these 1-cocycles are of the form {σ i × Id}, which we will use to deduce that the bimeromorphic maps (U i j ), then we have commutative diagrams 
The Hodge theory of minimal Weierstraß fibrations
In this section, we will use Hodge theory to study minimal Weierstraß fibrations and derive some geometric consequences on the tautological families introduced at the end of Section 3. Consider the following hypotheses on an elliptic fibration f : X → B : ii) The total space X is in the Fujiki class C .
iii) The discriminant locus ∆ ⊂ B is a normal crossing divisor.
iv) The local monodromies of H := (R 1 f * Z) |B\∆ around ∆ are unipotent.
The main result of this section that will be useful for proving Theorem 1.2 in Section 5 is the following. (Z\∆) → Z\∆ has a multi-section, then the tautological family associated to f contains a subfamily
is an algebraic approximation of X which is G-equivariantly locally trivial over B and preserves G-equivariantly the completion f
We postpone the discussion on ). Based on these results, we will prove Proposition 4.2 in 4.4.
A pure Hodge structure on H
(B, j * H)
The following result about the degeneration of Leray spectral sequences holds for any projective fibration over a projective manifold whose fibers are irreducible curves. 
where ı : F ֒→ W is the inclusion of a fiber of p in W and
For the Leray spectral sequence computing H 2 (W, Q), without assuming that B is smooth, we have E 0,2 
is a morphism of Hodge structures where j ′ :
is the open immersion and H
Proof. -By Lemma 3.4, the morphism
and by Lemma 4. The pullback ψ * in the last statement is defined to be the composition
From the isomorphism
and the similar one for H 1 (Z, j ′ * H ′ )⊗Q, it follows immediately that the pullback ψ * :
is a morphism of Hodge structures. 
Density of algebraic elliptic fibrations in the tautological family
In most of the statements we prove in the rest of Section 4 about elliptic fibrations, we will assume Hypotheses 4.1. Some of the hypotheses therein are considered for the following reasons. As we will apply Lemma 4.4 to define a Hodge structure on H 1 (B, j * H), we need to assume that B is a projective manifold and the discriminant locus ∆ a normal crossing divisor. Since the Hodge structure on H 1 (B, j * H) is defined using the minimal Weierstraß fibration associated to H and we want this construction to be functorial under reasonable pullback, the corresponding pullback of the minimal Weierstraß fibration associated to H need to be minimal. By Lemma 3.5, this can be achieved if we assume that the local monodromies of H around ∆ are unipotent.
Our first application of Lemma 4.4 is the following density result. 
G of the tautological family Π : W → B × V → V associated to f is an algebraic approximation of X.
While proving Proposition 4.6, we will also prove the following lemma along the way. ) is torsion for all t ∈ V tors .
We need the following two lemmas. 
In order to state the second lemma, recall that since X is in the Fujiki class C , c(η) is torsion by Proposition 3.6. So there exist m ∈ Z >0 and β ∈ H by Lemma 4.9, the subset V
) is torsion. It follows that η + exp(t) ∈ H the Hodge symmetry and the restriction of φ to K Q is the projection of K Q to its (0, 2)-part
, which proves Lemma 4.8.
The short exact sequence (3.3) together with its pullback by ı induces the following commutative diagram with exact rows.
Here in this proof, we use ı 0,2 to denote the pullback ı
Let : Y := X × BZ →Z, which is isomorphic to the locally Weierstraß fibration W 
A stability result
Let f : W η → B be an η-twisted locally Weierstraß fibration satisfying Hypotheses 4.1 for some η ∈
). Let Z ⊂ B be a subvariety of B. In the last paragraph, we showed that if f
has a multi-section, then the subfamily parameterized by
of the tautological family associated to f is an algebraic approximation of f whereĩ 0 :Z 0 → Z 0 ⊂ B is a projective log-desingularization of (Z 0 , Z 0 ∩ ∆). Our next application of Lemma 4.4 is to show that this subfamily preserves the fibration f − → Z 0 ֒→ B be a projective log-desingularization of (Z 0 , Z 0 ∩ ∆). Then the subfamily of the tautological family associated to f parameterized by
preserves the fibration f
We first prove some auxiliary results before we start the proof of Proposition 4.11. Let f : W → B be a Weierstraß fibration over a projective manifold and ψ : Z → B a map from a projective manifold Z. Proof. -It suffices to show thatp
becausep is a surjective map between projective manifolds. All we need to prove is that h
Since the zero-section Σ ⊂ W of f : W → B is contained in the smooth locus of f , its pullback to p : Y → Z lies in the smooth part of Y, sop has a holomorphic section σ : Z →Ỹ. Consider the pushforward
byp. Sincep is a P 1 -bundle over a dense Zariski open of Z, χ is generically an isomorphism.
Moreover since (p) * Ω
2Ỹ
is torsion free, χ is injective. It follows that h
where the first and the third isomorphisms result from Lemma 4.3 and Lemma 3.4 respectively, and the second from the base change theorem since Y → Z is the base change of the flat fibration W → B. The other vertical arrows are defined similarly except for π. As
is zero, the image of the composition
Lemma 4.14. -The map π : K → VZ 0 is the projection of the (pure) Hodge structure K of weight 2 onto its (0, 2)-part. In particular, π is surjective.
Proof. -First of all
By Lemma 4.13, since ∆ ⊂ ∆, K 0 is a pure Hodge structure of weight 2 whose (0, 2)-part is iso-
, and is further isomorphic to 
Hodge structure of weight 2 whose (0, 2)-part is isomorphic to
is the (0, 2)-part of the pure Hodge structure K of weight 2. 
is zero. As the pullback
is an isomorphism, it follows that the projection of
It remains to show that the projection of ξ in E
is zero. Thus it suffices to show that the pullback E
, it suffices to show that Proof. -Since Y → Z is not preserved along any direction in the tautological family, the subspace VZ 0 defined in Proposition 4.11 is zero. Now by Proposition 4.6, the subfamily of the tautological family associated to f parameterized by VZ 0 is an algebraic approximation of f . So X is already Moishezon.
Proof of Proposition 4.2
The following proposition generalizes Proposition 4.11, in which locally Weierstraß fibration is replaced by G-equivariant tautological model (see 3.4), and the fibration f − → Z 0 ֒→ B be a G-equivariant log-dsingularization of (Z 0 , Z 0 ∩ ∆) such thatZ 0 is projective. Then the subfamily parameterized by
G of the tautological family
associated to f preserves G-equivariantly the completion f
Let us first prove some general results before we prove Proposition 4.17. (Z) → Z is preserved by Π. Assume that there exists a lattice Λ ⊂ V such that X t is isomorphic to X t+λ over B for all t ∈ V and λ ∈ Λ. Then the completion Y →Ẑ of X → B along Y → Z is also preserved by Π.
If moreover f is G-equivariant, Z is G-stable, and Π preserves G-equivariantly Y → Z for some finite group G, then Π preserves G-equivariantlyŶ →Ẑ as well.
Proof. -For the first statement, it suffices to prove by induction on n ∈ Z ≥0 that the n-th order infinitesimal neighborhood n : Y n → Z n of Y → Z is preserved by Π. The case where n = 0 is covered by the assumption. 
by the induction hypothesis, we have
where π : Y n−1 × V → Y n−1 is the first projection. Recall that for every morphism of complex spaces T → S and every sheaf G over T, there is a natural (e.g. functorial under pullback) one-to-one correspondence between the set of square-zero extensions of T by G over S with Ext
is the cotangent complex of T over S. Let
According to (4.6), Y n is a square-zero extension of
be the corresponding element, which we regard as a holomorphic map
Again by (4.6), for every t ∈ V, the fiber Y n,t of Y n → V over t is a square-zero extension of Y n−1,t ≃ Y n−1
by I n /I n+1 |Y n−1,t ≃ F over Z n and by functoriality, this extension corresponds to the element ξ(t) ∈
Since an isomorphism X t ≃ X t+λ over B restricts to an isomorphism Y i,t ≃ Y i,t+λ over Z i for each i ∈ Z ≥0 , the fibers Y n,t and Y n,t+λ are isomorphic as square-zero extensions of Y n−1 by F over Z n . It follows that ξ(t + λ) = ξ(t) for all t ∈ V and λ ∈ Λ, so ξ descends to a holomorphic map V/Λ → Ext
As V/Λ is a complex torus and Ext
, F ) a complex vector space, ξ is constant whose image represents the square-zero extension Y n of Y n−1 by F over Z n . It follows that as square-zero extensions,
For the last statement, we prove again by induction on n that the isomorphism Y n ≃ Y n × V is in fact G-equivariant. The case n = 0 is covered by the assumption. Suppose that the statement is proven for n − 1. on the other hand, since G is a finite group, we have The next general result that we prove is the following. Suppose that m can be extended to a finite surjective map µ : X → Y over B × ∆ and that for some open cover Proof. -It suffices to show that for every i and j, the isomorphisms φ i :
Consider the map ∆ → Aut(X i j /Y i j ) which associates t ∈ ∆ to the unique automorphism ψ t : X i j → X i j satisfying φ i (x, t) = φ j (ψ t (x), t). As m : X → Y is finite and X i j is reduced, Aut(X i j /Y i j ) is finite by the following lemma. Proof of Lemma 4.21. -Let S = i, j S i j be the decomposition of S into its irreducible components such that
we can assume that T is irreducible and the image of each irreducible component of S is T. By [3, (3.5) ], the map ( f : S → T) → f * O S defines an equivalence of categories between the category of finite formal complex spaces over T and the category of coherent O T -algebras. As S is a completion of a reduced complex space, S is also reduced due to the existence of resolution of singularities. So for every t ∈ T, ( f * O S ) t is a reduced O T,t -algebra of finite type. It follows that the automorphism group Aut O T,t (( f * O S ) t ) of the O T,t -algebra ( f * O S ) t is finite. Therefore, it suffices to show that the group homomorphism
defined by the restriction is injective.
To this end, let : S → S be an automorphism over T such that Ψ t ( ) = Id. The maps and Id S : S → S give rise to two elements
where f * O S is considered as a coherent sheaf over O T (instead of a coherent O T -algebra). Let
By Proposition-Definition 3.16, there exists a multiplication-by-m map m : X → W over B × V where is an algebraic approximation of X.
Algebraic approximations of elliptic fibrations over a projective variety
We will prove Theorem 1.2 in this section. The following proposition provides a general approach that we will follow to proving the existence of algebraic approximations. We have
IfÊ (resp.Ŷ andŶ ′ ) denotes the completion ofX (resp. X and X there exist a bimeromorphic morphismμ :X → X and a subvariety Y ⊂ X such that the restrictioñ µ |X \E :X \E → X \Y is an isomorphism where Y :=μ(E ) and furthermore, the completion ofμ along Now we show thatπ and π are deformations ofX and X respectively. First we show thatπ and π are flat. For lack of a reference, we shall first prove the following infinitesimal criterion of flatness.
Lemma 5.2. -Let φ : S → T be a morphism between complex spaces and Σ ⊂ S an analytic closed subset. LetΣ be the completion of S along Σ. Suppose that the induced mapΣ → T is flat, then φ is flat at every point p ∈ Σ ⊂ S.
Proof. -Let p ∈ Σ and let I ⊂ O S,p be the ideal defining Σ at p. LetÔ S,p be the I-adic completion of O S,p .
Since On the one hand sinceÊ → ∆ is isomorphic to the projectionÊ × ∆ → ∆, which is flat, by Lemma 5.2 the compositionπ :X → X → ∆ is flat at every point of E ⊂X . On the other hand as the restriction µ |X \E :X \E → X \Y is an isomorphism and X \Y → ∆ is flat, the restriction ofπ to the Zariski opeñ X \E is also flat. Henceπ is flat everywhere. A similar argument shows that π is flat as well.
LetX o (resp. X o ) denote the central fiber ofπ (resp. π). The restrictionX o → X shows that the restriction ofμ toX o is isomorphic to µ :X → X.
conclude that π is an algebraic approximation of X.
Proof. -Let X be a compact Kähler manifold bimeromorphic to the total space of an elliptic fibration over a projective variety. We will first construct bimeromorphic maps (Z\∆) → Z\∆ has a multi-section and τ
is biholomorphic onto its image.
Proof. -The proof of Lemma 5.3 consists of several steps.
Step 1 : X is bimeromorphic to X 0 /G where G is a finite group and X 0 is the total space of a G-equivariant tautological model f 0 : X 0 → B 0 satisfying Hypotheses 4.1.
Let¯ :X
′ →B 0 be an elliptic fibration over a projective varietyB 0 such thatX ′ is bimeromorphic to X.
Let∆ 0 ⊂B 0 be the discriminant locus of¯ . Up to base changing¯ with a log-desingularization of (B 0 ,∆ 0 ), So X 0 /G is bimeromorphic to X ′ /G, which is further bimeromorphic to X. As the discriminant locus of f 0 : X 0 → B 0 is ∆ 0 by Lemma 3.14 and (B 0 , ∆ 0 ) is a log-smooth projective pair, f 0 satisfies i) and iii) in Hypotheses 4.1. Since f 0 is bimeromorphic to and satisfies ii) and iv) in Hypotheses 4.1, so does f 0 .
Step 2 : There exist a sequence of blow-ups
along G-stable subvarieties C i ⊂ X i which do not dominate B 0 and a bimeromorphic morphism µ n : X n /G → X.
By
Step 1, we have a bimeromorphic map φ :X 0 := X 0 /G X. Let
be a sequence of blow-ups and φ ′ :X n → X a (bimeromorphic) morphism resolving φ. As X 0 is normal by Lemma 3.14, so is the finite quotientX 0 . Thus the indeterminacy locus of φ is of codimension at least 2. As dimB 0 = dimX 0 − 1, we may assume that the blow-up centersC i ⊂X i of (5.4) do not dominateB 0 .
We construct by induction the blow-up sequence (5.3) together with G-equivariant morphisms q i : X i → X i (whereX i is endowed with the trivial G-action) such that the quotientsq i : X i /G →X i are bimeromorphic.
For i = 0, we define q 0 : X 0 →X 0 to be the quotient map, soq 0 is the identity. Suppose that X i and q i are constructed andq i is known to be bimeromorphic. Let C i := q −1 i (C i ). We define X i+1 → X i to be the blow-up of X i along C i . As q i is G-equivariant, C i is G-stable. SinceC i does not dominateB 0 , C i does not dominate B 0 .
The universal property of blowing up provides a G-equivariant map q i+1 : X i+1 →X i+1 and a commutative diagram X i+1 X ī X i+1Xi q i+1 q i (5.5) where the horizontal arrows are the blow-ups along C i andC i respectively. Asq i is bimeromorphic,q i+1 is also bimeromorphic. it follows that the map µ n defined by µ n := φ ′ •q n : X n /G →X n → X is bimeromorphic as well.
Step 3 i) The induced G-equivariant meromorphic map f i : X i B i is almost holomorphic and well-defined over B i \Z i , which is nonempty.
ii) Let f of f 0 : X 0 → B 0 , iii) holds.
As for ii), since f 0 is smooth over B 0 \Z 0 and Z i+1 contains the pre-image of Z 0 , the elliptic fibration f ′ i+1
is smooth over B i+1 \Z i+1 . Since Z i+1 = ν Step 4 : Construction of the G-equivariant tautological model f : X → B.
Let ν ′ : (B, ∆) → (B n , ∆ n ) be a G-equivariant log-resolution of singularities [1] of the pair (B n , ∆ n ), where we recall that ∆ n ⊂ B n is the pre-image of ∆ 0 ⊂ B 0 , the discriminant locus of f 0 : X 0 → B 0 . Let f : X → B be the is still a minimal Weierstraß fibration. Therefore by Lemma 3.14, the discriminant locus of f is ∆. As (B, ∆) is log-smooth and projective, f satisfies i) and iii) in Hypotheses 4.1.
Since f is the pullback of f 0 by ν • ν ′ and f 0 satisfies ii) and iv) in Hypotheses 4.1, so does f .
Step 5 : Construction of the G-stable subvariety Z ⊂ B and the end of the proof of Lemma 5.3.
Let Z := ν ′−1 (Z n ). As ∆ n ⊂ Z n , we have ∆ ⊂ Z. Since f ′−1 n (Z n \∆ n ) → Z n \∆ n has a multi-section by Step 3 and f is bimeromorphic to X ′ n × B n B → B over B\∆, the fibration f is almost holomorphic and well-defined over B n \Z n , the map f ′′ n is (G-equivariantly) biholomorphic to f n over B n \Z n , which is further (G-equivariantly) biholomorphic to f 
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